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A simple Couette flow velocity profile with an appropriate correlation for the free terminal
rise velocity of a single bubble in a quiescent liquid can produce reliable results for the
trajectories of small spherical air bubbles in a low-viscosity liquid (water) provided the
liquid remains under uniform shear flow. Comparison of the model adopted in this paper
with published results has been accomplished. Based on this study it has also been found
that the lift coefficient in water is higher than its typical value in a high-viscosity liquid and
therefore a modified correlation for the lift coefficient in a uniform shear flow of water
within the regime of the E€otv€os number 0:305  Eo  1:22 is also presented.
Copyright © 2015, Published by Elsevier Korea LLC on behalf of Korean Nuclear Society.1. Introduction
Water, being the most important working fluid in industrial
processes, bears a great importance. Airewater two-phase
flow systems are of interest for instance in chemical reactors,
sparging, andmixing processes, heat transfer phenomena in a
power plant's auxiliary systems, and nuclear power plants. It
has been reported that the motion of small air bubbles inside
flow channels is responsible for the reduction and/or increase
of wall friction [1]. Therefore a substantial amount of research
(although mostly related with high viscosity liquids) has been
carried out into the behavior of air bubbles in quiescent or).
d under the terms of the
ich permits unrestricte
erly cited.
sevier Korea LLC on behamoving liquids [2e6]. These studies were based on either
extensive computer computations or else complicated
experiments.
It was reported by Celata et al. [7] that when an air bubble
starts to rise inside a quiescent liquid its motion may fall into
the viscous regime, the surface tension dominated regime or
the inertia dominated regime depending on the
dimensionless numbers that govern the physics. One such
number is the E€otv€os number that highlights the relative
effect of buoyancy and surface tension forces. According to
Clift et al. [8], at least for airewater systems the surface
tension dominated regime holds when 0:25<Eo<40. ManyCreative Commons Attribution Non-Commercial License (http://
d non-commercial use, distribution, and reproduction in any
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the system exist in the literature that can handle all of the
above regimes simultaneously [2,4,9,10]. However, since
most of these correlations were developed for viscous
liquids under stagnant conditions they need some tuning
parameters in order to match the calculated trajectories
with the experimental or simulated data if the problem
involves a low viscosity liquid and a liquid velocity field as
well. This particular fact has also been mentioned by
Tomiyama et al. [4,11].
Therefore in this study we present a simple one step
method (noniterative) that can be used to generate the bubble
trajectories for small spherical bubbles (1:5 mm  d  mm) in
a steady, laminar, fully developed, and uniform shear flow of
water. It is shown in this study that a simple Couette flow ve-
locity profile in combination with a general correlation for the
free terminal rise velocity of the bubble in any stagnant New-
tonian liquid proposed by Rodrigue [6] is sufficient to produce
reliable results for the trajectories of small air bubbles. The
properties of water and other relevant nondimensional
numbers used in this study are shown in Table 1.
In this study we have considered a uniform shear rate of
6.2 s1 for the sake of comparison and also to keep the flow
under the laminar regime. It is well known that compared to
other common liquids water has the highest surface tension
coefficient with air and therefore within the regime of the
E€otv€os number considered in this study it is anticipated that
there exist negligible changes in the shape of the bubbles.
Therefore the bubbles are considered to remain spherical
during their motion [3]. Another interesting and
distinguishing feature of sheared liquids is that the motion
of air bubbles having a diameter of up to 5.2 mm were
observed to follow a trajectory without any zigzag motion
[3,11,12]. This characteristic of a sheared liquid remains
favorable for this work since any zigzag motion is avoided.
Therefore, only those bubble diameters that can maintain
straight trajectories without any significant size effects,
which ultimately circumvent the use of the modified E€otv€os
number throughout this study, are considered. Compared to
the above discussion, the trajectories of small spherical air
bubbles > 1.5 mm in diameter were observed to follow a zig-
zag pattern in the case of stagnant liquids [13e15].2. Mathematical formulations
In order to proceed, we first need to establish the expressions
for the components of the bubble relative velocity in theTable 1 e Fluid properties and dimensionless numbers
used in this study.
Properties/
dimensionless no.
Water Air bubble
rðkg=m3Þ 998 1.2
mðPa:sÞ 0.00098 d
sðN=mÞ for airewater
interface
0.072 d
Eo 0.305e1.22 d
M 2.4252 1011 dhorizontal and vertical directions. It is to be noted that in this
study the bubble motion remains in two dimensions, mainly
due to the range of the E€otv€os number considered here. The
geometry of the problem is depicted in Fig. 1, which represents
the schematic of a simple Couette flow. The liquid (water)
between the moving and the stationary plate remains under
steady, laminar, fully developed, and uniform shear flow.
The width between the plates is W ¼ 30 mm and the origin
of the coordinate system (L) coincides with the point of
injection of the bubble and can be adjusted to arbitrary
locations. Finally, U is the velocity of the moving plate. The
general equation of motion of a bubble inside any
geometrical domain can be expressed as Newton's second
law of motion in Lagrangian coordinates by Equation 1 [3,4].

rg þ 0:5rl
DVb
Dt
¼ 3
4
CD
d
rl
VrjVr  CLrlVr  V Vr þ rl  rgg
(1)
In Equation 1 Vr is the bubble relative velocity, Vl is the
liquid velocity, Vb is the bubble velocity, rg and rl represent
the density of the gaseous phase (air) and liquid phase
(water), respectively, d is the diameter of the bubble, CD and
CL are the drag and lift coefficients respectively, and g is the
acceleration due to gravity. The first term on the right hand
side of Equation 1 represents the drag force, the second term
represents the lift force, and the last term represents the
effect of gravity, the so-called buoyancy force. It must be
noted that the wall effects can be considered to be negligible
in this study. Therefore following Rahba and Buwa [3] and
Bothe et al. [5] Equation 1 can be split into its horizontal and
vertical components as follows.2.1. Horizontal component of bubble equation of motion
0:5
dVrx
dt
¼ 3
4
CD
d
VrVrx þ CLxVry (2)
The horizontal component of Equation 1 is therefore given
by Equation 2. In Equation 2 Vrx is the relative bubble velocity
in the lateral or horizontal direction, Vry is the relative bubble
velocity in the vertical direction, and x is the magnitude of theFig. 1 e Geometry and coordinate system for the problem
domain.
Nu c l E n g T e c h n o l 4 7 ( 2 0 1 5 ) 1 2 6e1 3 4128shear rate (or liquid velocity gradient), which is constant
(6.2 s1) in this study (since the velocity profile in Fig. 1 is
linear). Since the bubble diameters remain small in this
study, steady state conditions for the bubble can be
assumed [3]. Therefore, neglecting the acceleration effects
Equation 2 can now be written as Equation 3.
Vrx ¼ 4CLxVryd3CDjVrj (3)
Later it will be shown from the basic order of magnitude
analysis that the order ofVrx remains smaller than the order of
Vry Therefore, we can neglect the term V2rx from the definition
of magnitude of the relative velocity of the bubble and obtain
Equation 4.
jVrj ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
V2rx þ V2ry
q
zVry: (4)
Introducing Equation 4 into Equation 3 we can finally solve
for Vrx as Equation 5.
Vrx ¼ 4CLxd3CD (5)
The analytical expression for the liquid velocity profile in a
Couette flow for the coordinate system mentioned in Fig. 1 is
given by Equation 6.
VlyðxbÞ ¼ UW ðW L xbÞ: (6)
In Equation 6 Vly (xb) is the local liquid velocity at a
horizontal bubble position ofxb. Here it must be noted that
the knowledge of local liquid velocity is important in order
to calculate the bubble velocity ½VbðxbÞ ¼ Vry þ VlyðxbÞ in the
vertical direction.
2.2. Vertical component of bubble equation of motion
0:5

dVry
dt
 xVrx

¼ 3
4
CD
d
jVrjVry  CLxVrx þ g: (7)Again, assuming steady state conditions for the bubble and
substituting values of Equations 4 and 5 in Equation 7 we can
obtain the expression for Vry as Equation 8.
Vry ¼ 13CD
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12CDdgþ 8x2d2CL  16C2Lx2d2:
q
(8)
3. Order of magnitude analysis
This section presents a simple order of magnitude analysis for
Equations 5 and 8 which will also validate the assumptions
regarding Vrx used in the derivations in the Mathematical for-
mulations section of this paper. We proceed with the analysis
by representing Vrx and Vry in nondimensional forms as
follows:
From Equation 5 we know that:
Vrx ¼ 4CLxd3CD :
Dividing the above expression by a reference velocity scale
U we get:V*rx ¼
Vrx
U
¼ 4CLxd
3CDU
:
Also, since x ¼
dVlydx
, a suitable scale for the horizontal co-
ordinate can be the width between the plates, i.e., (xW). Since
the velocity scale has already been selected as U, we have the
following expression for the order of nondimensional relative
velocity of the bubble in the horizontal direction:
O

V*rx
	
: O

4CLd
3CDW

Since the drag and lift coefficients in the present study (i.e.,
1:5  d  3 mm) usually remain within the same order of
magnitude (101), it can be seen that the order of magnitude of
V*rx depends on the nondimensional parameter (dyW). Usu-
ally the bubble diameter d is smaller than the width W be-
tween the plates, therefore the order of V*rx would remain less
than unity.
Similarly in the case of Vry using Equation 8 and the same
scales for the liquid velocity and the horizontal coordinate,
we get the following result for the nondimensional vertical
relative velocity of the bubble:

V*rx
	2 ¼ Vry
U
2
¼

4
3CD

dg
U2

þ
 
8CL
9C2D
!
d
W
2
 16
9

CL
CD

d
W
2
:
or
O

V*ry
2
: O
 
4
3CD

dg
U2

þ
 
8CL
9C2D
!
d
W
2
 16
9

CL
CD
2 d
W
2!
:
After interpreting the correct orders of magnitudes for
various terms involved in the above expression we can finally
solve for the order of V*ry as:
O

V*ry
2
: O
 
10
Fr

þ 10

d
W
2


d
W
2!
:
Note that in the above expression the second and the third
term remain small since (dW) and can be neglected. This
means that actually there is no effect of the shear rate x on the
vertical relative velocity of the bubble (at least in the case of
the laminar regime). Also note that the term

dg
U2

represents
the inverse of the Froude number i.e.,

1
Fr ¼ dgU2

It can be
noticed that as long as the inertial effect remains smaller than
the effect of gravity the Froude number

Fr ¼ U2dg

remains less
than unity; this actually corresponds to the case of laminar
flow regime. Therefore we have for (1.1)V*ry:
O

V*rz
	
: O

1ﬃﬃﬃﬃﬃ
Fr
p

:
It can be noticed that as long as the inertial effects remain
smaller (laminar flow) or comparable to the gravity effects
then Fr remains less than or equal to unity and therefore
OðV*ryÞ>OðV*rxÞ is valid. However, for the sake of comparison
purposes it is observed that for x ¼ 6.2 s1 the order of V*ry
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2,
hence OðV*ryÞ>OðV*rxÞ is valid. Therefore the assumptions we
made earlier in this paper are also validated through this order
of magnitude analysis.4. Lift coefficient in water
Tomiyama et al. [4] carried out experiments using high
viscosity liquids (water and glycerol solutions). Their
experimental setup was designed to generate a simple
uniform shear flow between a moving belt and a stationary
wall (similar to Fig. 1). In their experiments, for all the
values of the shear rate x the liquid flow field was assumed
to remain steady and laminar. They proposed a set of
correlations for the lift coefficient in such kinds of flows and
claimed that when a bubble remains small (d  4.4 mm) the
lift coefficient is only a function of the bubble Reynolds
number and it tends to reach a constant positive value of
0.288 when Reb  25: They further mentioned that the lift
coefficient for a constant diameter bubble, i.e., for small
spherical bubbles, is not affected by the liquid velocity
gradient or the value of the shear rate and thus remains
constant with the applied shear rate. However since their
correlation was originally developed for uniform shear flows
of high viscosity liquids, in principle it should not be used
for low viscosity liquids. Nevertheless, they mentioned that
their correlation gives suitable results for low viscosity
systems as well.
Itwasmentionedearlier in this article, and confirmedby the
experiments of Habermann andMorton [16], that in the case of
water and for the E€otv€os number regime considered in thisFig. 2 e Comparison of Rodrigue [6] correlation with experimstudy the problem lies in the surface tension controlled
regime. This argument can also be confirmed by Fig. 2, which
indicates the rise and fall behavior of the terminal rise
velocity with increasing bubble diameters, which is only a
characteristic of the surface tension dominated regime.
Because of this, although the bubble diameters remains small
in this study (d  4.4 mm) it was found that the correlation
for the lift coefficient based on the E€otv€os number (Equation
9) as suggested in [4] for a 2.84 mm diameter bubble in a
uniform shear flow of water gives a value for the lift
coefficient that is 19.62% lower than the value estimated from
the simulation results of Rabha and Buwa [3].
CL ¼ 0:00105Eo3d  0:0159Eo2d  0:0204Eod
þ 0:474 ð4  Eod  10:7Þ (9)
This trend suggests that the lift coefficient in low viscosity
liquid (water) under uniform shear flow within the regime of
the E€otv€os number range studied here ð0:305  Eo  1:22Þ, i.e.,
the surface tension dominated regime, might be easily and
well correlatedwith the E€otv€os number rather than the bubble
Reynolds number. In Equation 9 Eod is the E€otv€os number
based on the long axis characteristic dimension for large
distorted bubbles as suggested by Wellek et al. [17]. However
in the case of water and when the bubble diameters are such
that the range of E€otv€os numbers is ð0:305  Eo  1:22Þ the
distortion can be neglected and we can simply use Eo instead
of Eod in Equation 9. Based on these arguments a modified
correlation for the lift coefficient is presented as Equation 10.
CL ¼ 0:001307Eo3  0:01979Eo2  0:0254Eo
þ 0:5901 ð0:305  Eo  1:22Þ: (10)ents of Haberman and Morton [16] for stagnant water.
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and for the E€otv€os number range of (0:305  Eo  1:22). As
already mentioned, Equation 9 tends to give lower values of
the lift coefficient for the bubbles in water, therefore,
Equation 10 was obtained by simply adjusting the
coefficients of Equation 9 to match the simulation results of
Rabha and Buwa [3] for small diameter bubbles.5. Trajectory calculations
It was highlighted at the start of this paper that when calcu-
lating the trajectories of single bubbles in a sheared liquid, one
usually needs to tune the values of the drag and/or the lift
coefficients. However, the formulations presented in this
section do not require any tuning if the working regime lies
within the range specified in this paper. In the Order of
magnitude analysis section it was pointed out that within the
laminar regime of the liquid flow the second and third terms
in Equation 8 have negligible effects on the magnitude of the
vertical relative velocity which means that we can simply
write Equation 8 as Equation 11.
Vry ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4dg
3CD
:
s
(11)
Equation 11 states that under such circumstances the
relative velocity of the bubble in the vertical direction simply
becomes equal to the terminal rise velocity of the bubble in
a stagnant or quiescent liquid i.e., Vry ¼ VT. Hence we can
write Equation 11 as:
VT ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4dg
3CD
:
s
(12)
Therefore, if we know the terminal rise velocity of a bubble
in stagnant water at a given temperature we can estimate the
drag coefficient from Equation 12. From the literature survey it
was found that a general correlation for the free rise velocity of
a bubble in any Newtonian liquid can be explicitly calculated
by the correlation proposed by Rodrigue [6]. The correlation
is given as Equations 13e16 and its comparison with the
experimental results of Haberman and Morton [16] is shown
in Fig. 2. It can be seen that the correlation is able to predict
the rise velocities with an error of approximately 10%.
M ¼
g

rl  rg

m2l
r2l s
3
ðThe Morton numberÞ: (13)
F ¼ g


r5l d
8
sm4l
1=3
ðThe flow numberÞ: (14)
V ¼ F
12
"
1þ 1:31 105M11=20F73=33	21=176
ð1þ 0:020F10=11Þ10=11
#
 ðThe velocity numberÞ:
(15)
And finally
VT ¼ V


sml
r2l d
2
1=3
¼ Vry: (16)For a fixed equivalent diameter and gaseliquid properties
the Morton number and the flow number can be readily
calculated from Equations 13 and 14 respectively, then from
Equation 15 the velocity number can be calculated and finally
from Equation 16 we can explicitly calculate the value of the
terminal rise velocity of the bubble. Once the terminal rise
velocity is known using Equation 12, we can calculate the
drag coefficient of the bubble. Since from Equation 10 we
can easily find the lift coefficient, once the lift and the drag
coefficients are known we can explicitly calculate the bubble
relative velocity in the horizontal direction from Equation 5
as shown below.
Vrx ¼ 4CLxd3CD :
However, in order to generate the bubble trajectories we
must know the bubble velocity in the vertical and horizontal
directions as well. The bubble velocity is defined as a vector
sum of the relative velocity and the local liquid velocity as:
Vb ¼ Vr þ Vl: (17)
Since the knowledge of bubble velocity requires informa-
tion about the local liquid velocity, Equation 6 (Couette flow
velocity profile) can be easily used at this stage.
VlyðxbÞ ¼ UW ðW  L xbÞ:
In the above expression, W and L are arbitrary geometrical
dimensions (in this study W ¼ 30 mm). In order to use the
above expression the distance L from the moving wall must
coincide with the experimental or simulated point of injection
of the bubble. It has beenmentioned previously that since the
applied shear rate is equal to the velocity gradient of the above
expression, it can be readily established that x ¼
UW
: Since W
is always fixed for a given problem we can adjust the plate
velocity to obtain the desired value of the shear rate or vice
versa (in this study x ¼ 6.2 s1). Since the flow field is unidi-
rectional (only the vertical component of the liquid velocity
exists). Thus we have Equations 18 and 19.
VbxzVrx: (18)
and
VbyðxbÞ ¼ Vry þ VlyðxbÞ: (19)
Equation 18 indicates that in a unidirectional uniform
shear flow of a liquid the bubble velocity in the horizontal
direction remains constant, whereas Equation 19 indicates
that the bubble velocity in the vertical direction can vary
with the horizontal positions the bubble may acquire during
its motion. Once the bubble velocity is known we can
calculate the trajectories from Equations 20 and 21.
xb ¼ Vbx  Dt: (20)
And
yb ¼ Vbx  Dt: (21)
In Equations 20 and 21 Dt is the time step (usually of the
order of 103 s or lower), and xb and yb are the bubble's hori-
zontal and vertical positions, respectively.
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In this section we will present the comparison of the above
model with the simulation results of Rabha and Buwa [3]
along with two other lift models available in the literature
i.e., the models of Dijkhuizen et al. [18] and Hibiki and Ishii
[19] and the experimental results of Tomiyama et al. [4].
The comparative result in case of water is shown in Fig. 3.
In Fig. 3 X* and Y* are the nondimensional horizontal and
vertical distances respectively defined as X ¼ xbw and Y ¼ ybw.
It is to be noted that even though the correlation of
Rodrigue [6] predicts the terminal rise velocities with an
error of approximately 10%, the calculated trajectory
matches well with the simulated results of Rabha and Buwa
[3] (maximum deviations of 101 mm) as compared to the
other two models. Here it is important to mention that the
models of Dijkhuizen et al. [18] and Hibiki and Ishii [19]
includes the effect of liquid viscosity and bubble
deformation as well.
With the formulations adopted here (in case of water), no
tuning or adjustments are required for the lift and/or drag
coefficients and the procedure remains explicit and non-
iterative. Hence it can be claimed that the proposed model is
well suited for low viscosity liquids (in this case water for the
regime of E€otv€os number considered in this study). Trajec-
tories for different bubble diameters in water using the pre-
sent model are shown in Fig. 4. From Fig. 4 it can be seen that
due to the presence of the liquid velocity field the trajectories
of the bubbles no longer remain straight and as a bubble
migrates laterally towards the stationary wall, the deviation
from the straight trajectory increases. However, since their
slope changes by a small amount (1.1 for 1.5 mm diameter
bubble) in case of uniform shear flows the trajectories canFig. 3 e Comparison of present model with simulations of Rabha
and Ishii [19].be considered as straight lines. It can also be observed from
Fig. 5 that the smallest bubble made the maximum lateral
migration. This is mainly due to the characteristics of the
surface tension dominated regime as it can be noticed from
Fig. 2 that when the bubble diameter decreases the terminal
velocity tends to increase which means that the drag
coefficient decreases. Also from Equation 10, as the bubble
diameter reduces the lift coefficient increases. These effects
tend to increase the relative velocity of small bubbles in the
horizontal direction in case of water (a low viscosity liquid).
It can also be noticed that as the bubble migrates laterally
closer to the stationary wall the local liquid velocity keeps
on dropping which tends to reduce the bubble velocity with
the lateral or horizontal positions acquired by the bubble
thus causing changes in the slope of the trajectories.
By contrast, in the case of a viscous liquid, for instance the
experimental liquid used by Tomiyama et al. (watereglycerol
solution) [4], the correlation mentioned here was not able to
give good results unless some tuning for the terminal
velocity calculated via Equation 15 was performed. In such a
case Equation 15 can be written as Equation 22.
VT ¼ bV


smL
r2Ld
2
1=3
: (22)
In Equation 22 b is the tuning parameter. The value of the
tuning parameter must be adjusted using a trial and error
method until the calculated terminal velocity matches the
measured one. The comparison of the tuned result with the
experimental result of Tomiyama et al. [4] is shown in Fig. 5.
It must be noted that in this case only the value of the
terminal velocity was tuned. It is to be noted that the value
of the lift coefficient was not adjusted at all and was fixed as
0.288.and Buwa [3] andmodels of Dijkhuizen et al. [18] and Hibiki
Fig. 4 e Trajectories for different bubbles in water using the present model.
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spherical bubbles ð0:305  Eo  1:22Þ in a uniform shear flow
of water, a simple Couette flow velocity profile along with an
explicit correlation for the free terminal rise velocity can
provide satisfactory comparison without any tuning re-
quirements. However, the procedure was not able to giveFig. 5 e Comparison of the present model wappropriate results in case of high viscosity liquids and thus
requires some tuning of the calculated terminal rise velocity.
It was concluded on the basis of past studies and experiments
that in the case of water (low-viscosity liquid) even though the
diameters remain small the lift coefficient can be related to
the E€otv€os number mainly because the regime falls into theith experiments of Tomiyama et al. [4].
Nu c l E n g T e c h n o l 4 7 ( 2 0 1 5 ) 1 2 6e1 3 4 133surface tension dominated region ð0:305  Eo  1:22Þ and the
value of the lift coefficient turns out to be higher than the
typical value it would take under high viscosity liquids. A
modified version of the correlation for the lift coefficient based
on the E€otv€os number was also proposed for water under
uniform shear flow valid for 0:305  Eo  1:22. This suggests
that in the case of low viscosity liquids, especially water, the
lift coefficient can be correlated with the E€otv€os number even
when the bubble diameters are < 4.4 mm. Based on these
encouraging results the proposed method can be used to
study the motion of small air bubbles in the shear flow of
water prior to any experimental and or expensive simulations.
As the procedure remains general in approach it can also be
used for other combinations of gas bubbles and low viscosity
liquids.Conflicts of interest
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Nomenclature
CD drag coefficient, dimensionless
CL lift coefficient, dimensionless
d diameter of the bubble, mm
D/Dt material derivative
Eo E€otv€os number based on bubble diameter
ð¼ gðrl  rgÞd2=sÞ, dimensionless
Eod E€otv€os number based on characteristic dimension of
bubble along long axis ð¼ gðrl  rgÞd2H=sÞ,
dimensionless
F flow number ð¼ gðr5l d8=sm4l Þ1=3Þ, dimensionless
Fr Froude number ð¼ U2=dgÞ, dimensionless
g gravitational constant (9.806 m/s2)
L point of injection of the bubble, horizontal distance
from the moving plate or origin of the coordinate
system, mm
M Morton number ð¼ gðrl  rgÞm4l =r2l s3Þ, dimensionless
Dt time step, s
U velocity of the moving plate, m/s
V velocity number
 
¼ F12
"
ð1þ1:31105M11=20F73=33Þ21=176
ð1þ0:020F10=11Þ10=11
#!
,
dimensionless
Vb bubble velocity, m/s
Vb (xb) bubble rise velocity at a particular horizontal or
lateral bubble position, m/s
Vbx horizontal component of the bubble velocity, m/s
Vby vertical component of the bubble velocity, m/s
Vby (xb) Vertical component of the bubble velocity at a
particular horizontal or lateral bubble position, m/sVl local liquid velocity, m/s
Vly (xb) vertical liquid flow velocity at a particular horizontal
or lateral bubble position, m/s
Vr bubble relative velocity, m/s
Vrx horizontal or lateral component of the relative
velocity of bubble, m/s
Vry vertical component of the relative velocity of bubble,
m/s
jVrj magnitude of the relative velocity of bubble, m/s
V*rx horizontal or lateral component of the relative
velocity of bubble, dimensionless
V*ry vertical component of the relative velocity of bubble,
dimensionless
VT free terminal rise velocity of the bubble in stagnant
liquids, m/s
W width between the plates, mm
xb horizontal or lateral position of the bubble, mm
X* horizontal or lateral position of bubble,
nondimensional
yb vertical position of the bubble, mm
Y* vertical position of the bubble, nondimensional
Greek letters
r density, kg/m3
m absolute viscosity, Pa.s
x magnitude of the shear rate, 1/s
s coefficient of surface tension, N/m
b tuning parameter
Subscripts
b bubble
bx bubble horizontal
by bubble vertical
l liquid
ly liquid vertical
r relative
rx relative horizontal
ry relative vertical
T terminalr e f e r e n c e s
[1] L.S. Timkin, R.S. Gorelik, P.D. Labanov, Rise of a single bubble
in ascending laminar flow: slip velocity and wall friction,
Journal of Engineering Physics and Thermophysics 78 (2005)
762e768.
[2] A. Tomiyama, K. Isao, Z. Iztok, S. Tadashi, Drag coefficient of
single bubbles under normal and micro gravity conditions,
JSME International Journal Series B 41 (1998) 472e479.
[3] S.S. Rabha, V.V. Buwa, Volume-of-fluid (VOF) simulations of
rise of single/multiple bubbles in sheared liquids, Chemical
Engineering Science 65 (2010) 527e537.
[4] A. Tomiyama, H. Tamai, I. Zun, S. Hosokawa, Transverse
migration of single bubbles in simple shear flows, Chemical
Engineering Science 57 (2002) 1849e1858.
[5] D. Bothe, M. Schmidtke, H.J. Warnecke, VOF-simulations of
the rise behavior of single air bubbles in linear shear flows,
Chemical Engineering and Technology 29 (2006) 1048e1053.
[6] D. Rodrigue, A general correlation for the rise velocity of
single gas bubbles, The Canadian Journal of Chemical
Engineering 82 (2004) 382e386.
Nu c l E n g T e c h n o l 4 7 ( 2 0 1 5 ) 1 2 6e1 3 4134[7] G.P. Celata, F.D. Annibale, P. Di Marco, G. Memoli,
A. Tomiyama, Measurements of rising velocity of a small
bubble inastagnantfluid inone-andtwo-componentsystems,
Experimental Thermal and Fluid Science 31 (2007) 609e623.
[8] R. Clift, J.R. Grace, M.E. Weber, Bubbles, Drops and Particles,
Academic Press, New York, 1978.
[9] M. Ishii, T.C. Chawla, Local Drag Laws in Dispersed Two-
phase Flow, ANL-79-105, 1979.
[10] M. Jamialahmadi, C. Branch, H. Muller-Steinhagen, Terminal
bubble rise velocity in liquids, Chemical Engineering
Research and Design 72 (1994) 119e122.
[11] A. Tomiyama, A. Sou, Z. Iztok, N. Kanami, T. Sakaguchi,
Effects of E€otv€os Number and Dimensionless Liquid
Volumetric Flux on Lateral Motion of a Bubble in a Laminar
Duct Flow, Advances in Multiphase Flow, 1995.
[12] N. Maeda, Behavior of a single bubble in quiescent and
flowing liquid inside a cylindrical tube, Journal of Nuclear
Science and Technology 12 (1975) 606e617.
[13] P.C. Duineveld, The rise velocity and shape of bubbles in
pure water at high Reynolds number, Journal of Fluid
Mechanics 292 (1995) 325e332.[14] M. Wu, M. Gharib, Experimental studies on the shape and
path of small air bubbles rising in clean water, Physics of
Fluids 14 (2002) L49eL52.
[15] N.M.S. Hassan, M.M. Khan, M.G. Rasul, A study of bubble
trajectory and drag co-efficient in water and non Newtonian
fluids, WSEAS Transactions on Fluid Mechanics 3 (2008)
261e270.
[16] W.L. Haberman, R.K. Morton, An Experimental Investigation
of Drag and Shape of Air Bubbles Rising in Different Liquids,
The David W. Taylor Model Basin, Washington, 1953, 7, D.C.
Report 802 NS 715e102.
[17] R.M. Wellek, A.K. Agarwal, A.H.P. Skelland, Shapes of liquid
drops moving in liquid media, AIChE Journal 12 (1966)
854e862.
[18] W. Dijkhuizen, M. van Sint Annaland, J.A.M. Kuipers,
Numerical and experimental investigation of lift force on
single bubbles, Chemical Engineering Science 65 (2010)
1274e1287.
[19] T. Hibiki, M. Ishii, Lift force in bubbly flow systems, Chemical
Engineering Science 62 (2007) 6457e6474.
